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Impulse penetration into idealized granular beds: Behavior of cumulative surface kinetic energy

Donald P. Visco, Jr. and Saravanan Swaminathan
Department of Chemical Engineering, Box 5013, Tennessee Technological University, Cookeville, Tennessee 38505, USA

T. R. Krishna Moharf, Adam Sokolow, and Surajit Sén
Department of Physics, State University of New York, Buffalo, New York 14260-1500, USA
(Received 9 January 2004; revised manuscript received 29 June 2004; published 15 Novemper 2004

We report a particle dynamics based simulational study of the propagatiérfusfction mechanical im-
pulses in idealized three-dimensional hexagonal close packed lattices of monosized Hertz spheres. This paper
presents five key results on the kinetic energy of grains at the surface of a granular bed after the generation of
a normal impulse into the bed) We find that the time integrated or cumulative average kinetic energy per
surface graing, drops as an impulse penetrates into the bed. The minimum valuesaly o, is reached at
some timet=r after the impulse has been generai@d.This value,xy, depends upon the restitutional losses
at the grain contacts ang) increases as restitutional losses at granular contacts increase in madiiitLidbe
asymptotic value ok is denoted bykg,,. Our data show that increasing the area across which an impulse is
generatedA, leads tokgn, A Y2 (iv) If we assign random masses to our monosized graifg, grows
guadratically as a function of the range of mass variation about a mean mass. We find that at large times, i.e.,
t> 7, kc{1-exgk(1-t/7)]}, where the constark is roughly independent of restitution for the typical values
of restitution encounteredv) Our data suggest that at early times, the backscattering process carries signatures
of ballistic propagation of the mechanical energy while at late times, the backscattering process is reminiscent
of vibrations of an essentially ergodic system. Given the ballisticlike propagation of mechanical energy into
granular beds, we conclude that a wave equation based description of mechanical energy propagation into
granular beds may not always be appropriate.

DOI: 10.1103/PhysRevE.70.051306 PACS nunier81.05.Rm, 83.80.Fg

[. INTRODUCTION metallic land mineg7]. BBN Technologies later reported a
study of acoustic mine detection to the US Arii8]. The
Sound waves of longer wavelength can penetrate deeguthors have used transducers to send sinusoidal signals into
into soil whereas short wavelengths get rapidly attenuated. the bed and have claimed that the frequency range between
is then natural to argue that sonic probes for detecting and00 and 300 Hz works well in detecting small mines at
imaging objects buried at shallow depths would fail due todepths of tens of centimetetsm). Since the early 1990's,
attenuation of short wavelength signals. Sabatieret al. have used continuous sound waves to detect
Many communities took note when ShullH, Sadd[2],  shallow buried antipersonnel landmines that are roughly
Zhu[3], and Rogers and Ddw] studied impulse penetration 10 cm in dimension and typically at depths less than 15 cm
into shallow granular beds. The two-dimensio2D) and  [9-12. McKnight et al.[13] have used short duration pulses
3D structures of the beds were studied and details of th& detect buried objects and hence the studigd3hand[4]
impulse generation process were believed to be importarfi@n be considered to be more closely related to this study.
parameters that control the nature of energy propagatior.ne studies in Ref§9-13 have used laser-Doppler vibrom-
Gravitational loading of grains was not believed to be a Sig_etry in vegefcanon-free soil to image shallow burl_ed mines at
nificant effect in these experimental studies. Rogers and Dof} forward distance of tens of meters. The continuous wave
[4] successfully discriminated between different shaped obd€tection methods are believed to be not as effective at
jects buried at depths of several centimeters in nominally drﬂe‘)ths in excess of 15 cm and when soil temperatures are
soil using sound bursts. In the same year, House and [Bape elow the freezing point. . N
D S ' The above studies suggest something counterintuitive—
reported similar findings. The latter authors and others weng1

) t that it miaht b ble 1o i buri at sound waves with frequencies fL0? Hz moving at a
on 1o suggest that it mignt even be possibie 1o Image burege|aeity of ~10° m/s (at a wavelength of-10 m) can allow

objects. . . imaging of objects that can be as small-a402 m. Thus
Most early works on acoustic reconnaissance of shallowy o s e to wonder whether a wave equation based analysis
bune_d mines are unpgbllshe{d]. Cook aﬂd Worm_ser WErE — of impulse propagation in a granular bed is appropriate. As
the first to publish their work on acoustic detection of NON-\ve shall see, mechanical energy propagation in shallow
depths of granular beds, where gravitational loading effects
are at best weak compared to the nonlinear Hertz interactions
*On leave from CSIR Centre for Mathematical Modelling and between the grain§l4—18, cannot be best described via

Computer Simulations, Bangalore 560017, India. wave equation based analysis.
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Electronic address: sen@dynamics.physics.buffalo.edu [14-14, Senet al. [17-19, by Costeet al. [20], by Hascoet

1539-3755/2004/16)/0513067)/$22.50 70 051306-1 ©2004 The American Physical Society



VISCO et al. PHYSICAL REVIEW E 70, 051306(2004)

and Herrmanri21], and by Manciu and Se€f22,23 for solv-  tion between the two becomes exact as the impulse Area
ing the equations of motion fandividual grains in chains —c (see Seret al.in Ref.[22]). Normal impulses generated
suggest that granular beds at shallow levels behave very difcross finite areas at the surface of a bed result in cone
ferently than at large depths. Energy propagation is “ballisshaped spatial dispersion of propagating energy. In spite of
ticlike” at shallow depths and becomes acousticlike as deptxtensive work on simulations on idealized b§4i8,43 and
increases. Hence wave equation based description of m@y geophysicists on the propagation®fand S waves[44],
chanical energy propagation may not be tenable at shalloy,ych remains to be learned about ways of controlling energy

depths in spite of apparent past successes using such a fof-nagation through shallow, disordered granular beds.
mulation [24].

Soil grains typically have size distributions ranging be-
tween 10% and 1 mm[25]. The grains are distributed in Il. MODEL AND METHOD
disordered manner with regions of significant void space and '
of tight packing. To capture the features of a realistic dry soil
bed, it is necessary to construct a large assembly of grains %f_f
all sizes and shapes either by depositi@6—29, cluster
growth [29-33 or by collective rearrangement models

In this work, we consider the propagation of a normal
unction mechanical impulse imparted onto a fixed akea
centered on the bed and the subsequent time dependent be-
havior of backscattered energy received at the surface of a

[33-37. The assembly must be in a local minimum of en- gJanuIar bed. The details of impulse propagation are pre
. Although th I h ki ' S Ll
ergy. Although there are several approaches to making SLIChsented below Eq.l). We expect that initially, the energy will

bed, there appears to be no “silver bullet” to solve this prob- : L
lem. propagate into the system. The average kinetic energy per

For the above reasons, in this work, as a first step towardd'@in at the bed surface will hence deplete from a maximum
studying mechanical energy propagation in granular beds i@ Z€ro or near zero in t.h's time reginie2,45. When one
address the problem of propagation of impulses in an ideadrain collides W'th. its neighbor, onI_y a part of the total en-
ized hexagonal close-packed lattice of elastic spheres. PeH9Y of the grain IS transferred to |ts_ neighbor. A”Y energy
haps controlled experiments with monodisperse quartz bea(fgta'ned by the first grain results in backscattering. One

can be carried out in laboratory environments to explore thd/ould expect that the backscattered energy at the surface

validity of our studies. We allow the masses of the grains towould initially rapidly increase as backscattering from the

vary randomly to get a rough idea of the possible effects ofirSt (or subsurfac)elayer of grains reaches the surface. Sub-
polydispersity. We ignore possible effects associated witpeduent backscat;ermg, which would involve energy trans-
loss of grain-grain contacts in our close-packed system b ort through multiple granular contacts, would be signifi-

assuming that for large enough system sizes, such effec ntly weaker_ in magnitude than the i_nitial backscattered
may not significantly affect our conclusions. The problem ofEN€rgy- Detection of shallow objects, which are likely to pro-

impulse propagation in polydisperse beds, which is signifi—d.uce significant bac_kscattering immedia_tely upon the genera-
cantly more challenging, will build upon the present study, istion of an |mpulse, is hence a chaIIeng|r_1g problem. :
We consider the problem of propagation of an impulse in

under way, and will be discussed in future work. ! ;
Upon intimate contact, grains repel via the Hertz potentia" 'd€alizeéd 46 40X 60 hexagonal-close-packehicp) lat-

[38]. If & denotes the overlap between two adjacent sphericdce Of monodisperse quartz spheres of radd2]. We let
grains in contact, wheré=d-x, and whered andx are the Y and o denote the Young s modulus and the P0|s_son s ratio
distances between the centers of the grains when they bare f quartz. The sphere; interact upon compression via the
touch and when they are squeezed together, respectively, thnlinear Hertz potentigi3g],
repulsive potential behaves ¥§6) ~ 52 [38]. Such a po-
tential is steeper than harmonic at large enough compressions V(&) = as;*?, (1)
but is softer than harmonic at small compressions. This po- :
tential, along with the requirement of momentum conserva-
tion, leads to effectively ballistic transport of enerigy,39.  Where a=(2/5D)(R/2)¥2, D=(3/2)[(1-0?/Y] and the
The grains do not oscillate against their equilibrium posi-grain overlap parametef; =2R~-(|r;—r;|)=0, where(i,j)
tions, as one would expect on the basis of the wave equatioare neighbors in contact in the hcp lattice.
Instead, they transport the energy and stop, having been In our calculations, we set the velocity of all the grains to
slightly displaced from their original positiorid0]. Thus the  be zero at=0 except for the grains that sit in an area of size
passage of an impulse leaves a region in a compressed st#eL XL at the bed surface, whete is measured in grain
for extended times. Studies of the effects (ofrrestriaj  diameters and each grain moves vertically into the bed with
gravitational loading on impulse propagation in a chain re-velocity v=v, att=0 (see Fig. 1 Thus we study the propa-
veal that gravity does not significantly affect the ballistic gation of what is effectively @-function mechanical impulse
propagation behavior at least at length scalek0® grain  into the system. In practice, one can initiate an impulse
diameterq17,4Q. across a chosen area via some appropriately designed
Studies[22,4]] have established that there is little differ- thumper or by irradiation of the bed surface by some appro-
ence between the propagation of a large area impulspriate laser beangsee McKnightet al. in Ref. [13]). All
through a perfect close-packed granular bed of monosizesubsequent grain positions, velocities and accelerations are
spheres and of a single perturbation propagating as a perfecomputed by solving the equation of motion for each grain
solitary wave through a 1D alignment of grains. The connecof massm; located atr;, which reads
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Sreadsial: I tcsrated Backscattemed eration across various areas and restitution values=df,
tipales o lsinr:r::;'x(t)altheﬂcd 0.02, 0.05, 0.1, 0.3, 0.5, 0.7 in our studies. The time step of
Vo urhes integration is set af\t=0.1 usec. The impulse propagation

speed in this strongly nonlinear system depends upon the
details of the initial perturbation. It may be noted that in 1D
chains of elastic spheres, the impulse speed®*, whereé&
is the displacement amplitude suffered by the perturbed grain
[14-16,19,2B The impulse propagation speed is typically
less than 50 m/s, as would be evident from the data in Fig.
2. This speed is two orders of magnitude slower than the
speed of sound in quartz. Impulse propagation in granular
o media can hence be regarded as a “slow” process involving
e ke the travel of a compression pulse. The studies can be typi-
Walls cally done on a workstation in several hours of CPU time.
To avoid wall reflection effects in our simulations, the
FIG. 1. The figure sketches the propagation of an impulse genfour side walls and the bottom wall are maglgergy absorp-
erated across an ardaon a model granular bed. The sketch with tive. To insure that the energy incident upon the layer pre-
three grains on the top left shows how the energy is spread in congeding the layer at the wall gets promptly absorbed, we have

\

VAN

40x40x60 sand .
box simulation cell

shaped form due to grain coordination. made the mass of the grains in the wall layer’t§(my
=1.41x 107 kg). We also define an energy sink between the
mid2ri/dt2:2(j neighborsFij (2) grains between the wall layer and the preceding layer by
settinge=1 between these layers. To insure that we do not
where the right hand side in E¢R) is obtained via Eq(1).  introduce any spurious effects, we have checked our results

We numerically integrate the coupled equations of motiorfor the time evolution of surface vibrations against a system
along x, y, and z coordinates in time via the standard that is 120 layers deep with an energy sink at layer 120. The
Velocity-Verlet algorithm[14]. The perturbation propagates results for the 60 and 120 layer systems are indistinguish-
as a compression pulse into the system. The effect of restable. In addition, we insure that a layer of massive grains is

tution is included via the intergrain force during loading asplaced above the actual surface layer. This layer is intro-
follows: F,,q €Xceeds that during unloading,, ..« We set  duced to insure that the motion of the surface grains is con-
tained when the backscattered signal reaches the surface

grains and sets them to vertical vibration. The above-

Funioad Fload=1~€, 3) mentioned conditions insure that all the backscattering at the

surface of our model bed is backscattering from the elastic

< i ituti : X .
where O<e<1 defines the resitution parameter. When spheres in the system and not due to any reflection effects.

=0, we get completely elastic behavior and wieerl we get
completely inelastic behavior. The effect of positional rear-

rangements are challenging to incorporate and, to our knowl- Il RESULTS
edge, is yet to be attempted by any research group exploring '
dynamical analyses of granular beds. An impulse, depending upon how it is generated, in gen-

We set R=0.5x10%m, o¢=0.144, and Y=7.87 eral, propagates as a train of solitary waves in a 1D align-
X 101 Nm™. Thus a=1.51x10® Nm37? in Eq. (1). The ment of elastic spheres that are barely in mutual contact
grain mass is set toy=1.41x 107 kg in monodisperse sys- [14-23. When the perturbation is sufficiently wedakypi-
tems. In studies where mass is treated as a random variabkally, a weak perturbation is generated by the impact of a
the mean mass is kept a%. We useL=2, 6, 10, 16, 20, 26, mass, where the impactor is less massive than the masses of
and 30, measured in grain diameters, to explore impulse gethe grains in the systenand is ad function in time, as in

90000 - x10°7

FIG. 2. A 3D plot showing kinetic energy
along theZ axis, time steps along th¢ axis, and
layer number along th& axis. The velocity of

2500 the impulse can be read off this plot and turns out
to be 50 m/gqsee text

ST

(Each layer is 0.0001 m)
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x10°7J dispersity. We next present data from dynamical simulations
e — R RETT SR carried out with grains of fixed radiug but with uniform
random variation in grain masses described via the formula

100

n=075

10 m, = mg[1 + ue(i)], (5)

- whereu is set between Qwhich recovers the monodisperse
casé and 0.75which refers to a high degree of mass varia-
tion among the grains in the bedlrhe quantitye(i) varies
01 g — [ uniformly randomly with grain position between -1 and
' 90 06 +1. We have set to fixed values in each polydisperggain
1 10 100 in the restricted sense of mass variation griled that we
_ Time Step have studied. Figure 3 depicisfor u values of 0.25, 0.50,
(in units of 0.1 us) and 0.75, as labeled in Fig. 3. The valWes6 ande=0 were
used in the calculations reported in the lower inset of Fig. 3.
FIG. 3. Behavior ofx vs time shown for beds of monosized In each case study qf, we find that the average cumulative
spheres where the masses are randomly varied according 8)Eq. kinetic energy per surface grainreaches a minimum, which
The inset shows that, increases quadratically in (u is a di-  we call x,, and then grows as a function of time to reach
mensionless quantity The calculations reported are f8=6 and  some asymptotic valug,y. The magnitude ofigny in-
e=0. creases with increasing, i.e., polydispersity leads to en-
hanced backscattering, which is expected in view of the fact
linear response theory, typically, a single, dominant, solitarythat significant mass contrasts between neighboring grains is
wave is generated along with one or more solitary waves oéxpected to give rise to larger backscattering than would be
amplitudes that are orders of magnitude smaller. We ignorebtained for monodisperse beds. Our simulations are consis-
the effects of these tiny secondary solitary waves here. Thesent with «g,, > 12 in the range ofu values probed; an ob-
waves do not add any significant features to the dynamics afervation that reveals that polydispersity can have a marked
the surface grains. A solitary wave is abol i span. Res- effect on the magnitude of the backscattered kinetic energy at
titution effects are known to attenuate the amplitude ofthe bed surface. To our knowledge, experimental data on the
propagating solitary waves approximately exponentiallyeffects of polydispersity on enhanced backscattering is cur-
[46]. We remind the reader that if one considers an infiniterently unavailable.
3D granular bed with a close-packed arrangement of grains In Fig. 4 we show the dependence of,, on the area
and generates an impulse across the entire infinite surface atross which the impulse is generatdgL X L. Our data
such a system, the problem is effectively a 1D prob[@8].  reveal thatkfyq < (A9 or kqna. L=const. The larger the,
The impulse would hence propagate as a solitary wave. j.e., the more area consuming the impulse generation pro-
The impulse propagation behavior, however, is distinclcess, the less is the energy backscattered to the surface. Thus
when an impulse is initiated across a small area of the susmaller area impulse generation for less invasive imaging
face. The mechanical energy spreads in a cone shaped forioduces higher backscattering and hence makes imaging
as it propagates into the bed as sketched in Fig. 1. In Fig. thore challenging. As expected, introducing restitution leads
we describe data based on large scale particle dynamigs energy loss at every grain contact and hence further re-
based simulations to describe propagation of an impulse intguces the magnitude o,y
3D idealized beds as a function of time. We analyze the Figure 5 shows the same data shown in the main plot of
average cumulative kinetic energy per grain denotedkby Fig. 3 except that they are in linear scales for specific values
where of A ande. The data are fitted to a function that grows to
T 2 saturation asce (1-exgk(1-t/7)]), wherer is the time at
K =20 (INJ2 (o surface grain2(1)/2m, @ which k— ko, i.e., as the minimum value of the cumulative
at the surface as a function of time as the system evolves ikinetic energy per surface grain is reached. From Fig. 5 we
time fromt=0 to some maximum time studiets T mea- find that the constarkin the proposed growth expression for
sured in terms of time steps. We denbteas the number of « is roughly independent af for e<0.1. Figure 5 supports
surface grains. The data in Fig. 2 show that the impulséhe conclusion that this is a comparative statement as to the
propagates at a speed of about 50 m/s. The propagatioralue ofk based on a 0.1 increment from 0 to 0.1 to 0.5 to
speed depends upon the amplitude of the impulse. Howeve®,6. In the upper inset we find that the value lohas a
the numbers are not very different from what is seen in exmaximum and has a parabolic behavior with respece.to
periments. When the value oé— 1, the value ok goes to zero as there
In Fig. 3, we present our results for a granular bed of aris no energy returning to the surface in this limit. The lower
hcp lattice with monodisperse grains. This data is referred tinset of Fig. 5 demonstrates the fit to an exponential growth
with a symbol “0” in the figure, where “0” indicates mono- function. We have done many such fits with our data and our
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FIG. 4. The plot shows the time evolution gfas a function of

time step(measured in 0.1:seg for a monodisperse granular bed.  FIG. 5. For a fixed area =16, the cumulative kinetic energy
Lower « values are obtained when impulse akeal X L is larger s plotted vs time steps. This shows that restitutéoreduces the
when there is no restitution. magnitude ofx. The upper inset shows that the naturexgf in-

creases as restitution is raised. The lower inset showsxthai
calculations suggest that the growth behaviokth shown — —exdk(1-t/7)]}, wheret> 7, 7 being the time at whictk— k.

above holds up well. mentioned model. One of these has been calle@xicbange

case In the exchange case, the amount of energy simulta-
neously propagating in opposite directions through a layer at
In a recent phenomenological stugys], the nature of any given time instant, passes through one another without
backscattering processes have been studied for a 1D layeragy interaction.The exchange case mimics a purely ballistic
system in which an energy bundle propagates from one enlémit of energy propagation through the systefable | de-
(the “surface] into the system through the layers. It was Scribes the nature of ballistic propagation épr0. Figure 6
assumed that a papt of the initial energy is transferred from reports the cumulativeor time integrateylkinetic energy as
ith layer to the(i+1)th layer, while(1-p,) is backscattered @ function of time at the surface layfiabeled«(t)] in the
to the previous layer. One can also introduce restitutionalnset. The main panel shows the instantaneous backscattered
loss in this model by assuming that an amount of enedy energye®§t) as a function of time. It can be clearly seen that
lost in each layer. Varying; and g; in arbitrary ways can in the exchange case(t) grows in abrupt jumps rather than
further enrich the model. as a smooth function. In Fig. 3-5, the growthxif) imme-
There are two “extreme” ways in which energy transportdiately afterxy(t) shows abrupt growth, in a manner charac-
from one layer to the next can be described in the aboveteristic of x(t) for the ballistic propagation case.

IV. ISSUE OF BALLISTIC PROPAGATION

TABLE I. Description of energy transmission in a 1D layered system with ballistic energy transport that satisfies the exchange condition
(see text in Sec. Y

Time eds(t) Layer 1 Layer 2 Layer 3 Layer 4 Layer 5
0 0 1— 0 0 0 0
1 0 —(1-py) p1— 0 0 0
2 p1(1-p1) (1-py)?— —p1(1-py) P1P>— 0 0
3 0 —p(1-py) (1-p)?— —p1Pa(1-p3) P1P2P3— 0
4 P 2(1-py) p1(1-py)(1--p)— —p1P2(1-py) (1-pH*— —P1P2P3(1--pa) P1P2P3Ps—
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FIG. 6. The backscattered energy at the surface layer of the 1D FIG. 7. The backscattered energy at the surface layer of the 1D
layer model is shown as a function of time for the exchange modef@ye" model is shown as a function og time for the equipartition
problem(see text The quantitye®Xt) is the instantaneous backscat- Model problem(see text The quantitye’Yt) is the instantaneous
tered energy. The inset show the step wise growth pattern in thBackscattered energy. The insets show the exponentially growing

time integrated backscattered energy as a function of time. Thiime integrated backscattered energy as a function of time. This
quantity is the same ag(t) in our 3D model. guantity is the same ag(t) in our 3D model.

V. SUMMARY AND CONCLUSIONS

The other extreme case is called tuipartition caseln We have reported a particle dynamics based simulational
the equipartition case, the simultaneously opposite propagastudy of the propagation of mechanical impulses in idealized
ing energy bundles at a given layer at any given time instanbexagonal close packed lattices of monosized Hertz spheres.
is added and halved. The detailed analytic treatment of thighe walls of the system are kept energy absorptive so as not
model turns out to be a challenge and is worthy of separatto produce backscattering. We find that the cumulative aver-
consideratiorf47]. Hence we do not provide detailed analy- age kinetic energy per surface grain,drops as an impulse
ses of this system. Numerical results to describe backscattepenetrates into the bed. The minimum valuexofeached,
ing processes for the equipartition case is shown in Fig. #hich we callxo, depends upon the restitutional losses at the
[45]. The equipartition case is analogous to an ergodic limirain contacts ane, increases as is increased. We denote
of energy transport through the system. The exponentidl® timet=ras the time at which the minimum value &f is
growth of «(t) in time in the insets of Fig. 7 are distinct from reéached. The asymptotic value ofis denoted byxing and
the same in the inset of Fig. 6. The growth patteret) is our data show that increasing the area across which impulse

; ) -1/2 ;
also distinct in this limit. It may be noted that due to lack of is generatedd, leads tokigng A % If we assign random

- . . . asses to our monosized grains, we find that, o u?,
restitutional losses and the one-dimensionality of the modec;here mass variation is denc?ted by E8) Finallyﬂﬁe #nd

the magnitude of backscattering is high in our 1D model. that forts 7, ko {1—exgk(1-t/ 7]}, where the constarktis

Comparison between the results of our simulational Stu‘_jfoughly independent of for e<0.1. The behavior of is

ies reported in Figs. 2-5 and the 1D layer model studies i,nistent with recently reported toy model simulations us-
Figs. 6 and 7 suggest that at short enough times beyondi,g an effectively 1D layered system by Krishna Mohan and
=7 whenx= kg, the growth of«(t) in time reveals features of Sen[45] and with experimental reported in Ref42,49. We
ballisticlike propagation whereas the late time exponentialpelieve that the nonlinear propagation characteristics are
like growth in «(t) is reminiscent of equipartitionlike behav- most important at short times after the generation of the im-
ior of the backscattering process. pulse. Details of bed geometry play a crucial role at such
Thus we believe that the nonlinear signal propagation irearly times. The late time behavior of the surface grains is
granular beds, which is largely ballisticlike, is dominant atmore robust and presumably weakly dependent on the details
early times in the backscattering process. At late times, theref the bed itself.
is so much backscattered signal from so many layers that the
surface energy can be well approximated via vibrations remi- ACKNOWLEDGMENTS
niscent of an ergodic system. Thus the details of system ge- We thank Professor Greg Baker and Samik Sengupta for
ometry may no longer be strongly relevant to describe thenany discussions. The research has been supported by NSF
dynamics of the surface grains at late times. Grant No. CMS 0070055.
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